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By encoding a qudit in a harmonic oscillator and investigating the d ^ oo limit, we 
give an entirely new realization of continuous-variable quantum computation. The 
generalized Pauli group is generated by number and phase operators for harmonic 
oscillators. We describe a physical realization in terms of modes in a microwave 
cavity, coupled via a standard Kerr nonlinearity. 

1 Introduction 

The use of continuous-variable (CV) quantum computing allows information to be encoded 
and processed much more compactly and efficiently than with discrete-variable (qubit) 
computing. With CV realizations, one can perform quantum information processes using 
fewer coupled quantum systems: a considerable advantage for the experimental realization 
of quantum computing. The rapidly developing field of CV quantum information theory 
has applications to quantum error correction EJ, quantum cryptography □ and quantum 
teleportation 13, including an experimental realization of CV quantum teleportation □. 

The most common proposed realization of GV quantum computation at present employs 
position eigenstates as a computational basis El; these states are approximated experimen- 
tally using highly squeezed states El. Other CV realizations are described by a generalized 
Pauli group generated by the number operator N and a phase operator 0, and computa- 
tional bases given by either harmonic oscillator number eigenstates or phase eigenstates U. 
These realizations are obtained formally by taking the d ~> oo limit of the qudit, the d- 
dimensional generalization of the qubit, and are important for five key reasons: (i) these 
CV realizations are entirely distinct from the position eigenstate computational basis real- 
ization, both in terms of the computational basis and in terms of the SUM gate; (ii) the 
SUM gate employs a standard Kerr optical nonlinearity to couple two modes; (m) these 
realizations give natural extensions of the qubit-based (discrete-variable) Pauli group, with 
a well-defined limiting procedure; (iv) this CV quantum computation presents an appealing 
realization in terrns of coupled modes in a microwave cavity using the powerful methods of 
state preparation □ in such cavitiesi and (v) these realizations give a new implementation 
of the well-studied phase operator 0. 
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2 CV Quantum Computation using Harmonic Oscillators 

To describe CV quantum computation, one requires arLjnfinite-dimensional Hilbert space 
Ti. and a representation of the generalized Pauli group EJ that serves as a group of unitary 
transformations on Ti. By defining Ti to be the Hilbert space for a harmonic oscillator, one 
can define specific representations of the generalized Pauli group in terms of operators that 
act on the harmonic oscillator Hilbert space. p. 

The natural generalization of the Pauli group B is the group generated by the number 
operator N and the (Pegg-Barnett 13) phase operator 9. Note that it is convenient to work 
with the finite-dimensional Hilbert space of boson number not greater than d — 1. On 
this Hilbert space, the phase operator is well-defined, and the system incorporates a finite 
energy cutoff and corresponding phase resolution. 

With this generalization of the Pauli group, there are two natural computational bases. 
The first, the number state basis, consists of the harmonic oscillator energy eigenstates 

N\n)^n\n), n = 0,1, . . . ,d - 1 . (1) 

The second basis, the phase state basis, consists of eigenstates of the phase operator 

= 0,^,. (2) 

These bases are "dual" in the sense that {(j)\n) = eKuii(f)n). 

To perform universal CV quantum computation 13, it is necessary to be able to: (i) ini- 
tially prepare a qudit in an arbitrary state for computation; (ii) realize an arbitrary unitary 
transformatioruon a single qudit; {Hi) have a controlled two-qudit interaction gate such as 
the SUM gate eI 

SUM: |si)i® |S2)2^ |si)i<»|si + S2)2; (3) 
and (w) perform von Neumann measurements in the computational basis. 

3 Proposed Realization as Coupled Modes of a Microwave Cavity 

One approach to physically realizing CV (qudit-based) quantum computation is by using a 
multimode microwave cavity. A single qudit is realized as the state of a (longitudinal) mode, 
and qudit-qudit interactions are performed by appropriately coupling different modes. By 
using a microwave cavity, one can take advantage of the recent technical advances of the 
micromaser: a micromaser provides a physical realization of the Jaynes-Cummings model, 
which describes the coupled system consisting of a single two-level atom and a single mode of 
the radiation field. Single atom interactions enable state preparation, qudit transformations, 
two-qudit coupling, and state measurement. Current high-Q microwave cavities allow 
photon lifetimes up to 0.3 s □, several orders of magnitude larger than the atom interaction 
time. 

State preparation in a microwave cavity is highly developed, both theoretically and 
experimentally. Proposals eI for preparation of an arbitrary state of the radiation field 
involve injecting a sequence of atoms and are conditional on measurement of the output 
atoms; a deterministic approach to the preparatioii of Fock states (not involving conditional 
measurements) has been experimentally realised Recently, it has been proposed EiJ that 
any state of the radiation field can be prepared with arbitrarily high fidelity using a sequence 
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of entangled atoms; this technique has the important features that the resulting state of 
the field is not entangled with that of the atoms, and that the method is independent of 
the initial state of the field. 

An arbitrary unitary transformation on a single qudit (single mode), to any desired 
precision, can be performed efficiently -^sing a combination of phase-space displacements, 
squeezing, and a nonlinear Kerr effect □. By an appropriate combination of these transfor- 
mations, one can approximate (to arbitrary accuracy) any polynomial Hamiltonian in 
and a. 

Linear transformations of a cavity mode state may be performed by coupling the mode 
to an external monochromatic coherent field via transmission through one of the mirrors Hj. 
A strong coherent field is directed into the cavity through a low-transmissivity mirror, and 
the result on the mode state is that it is displaced; i.e., the field state is acted upon by a 
unitary Glauber displacement operator. The choice of frequency for the incoming coherent 
field determines which of the longitudinal field states (each with a different frequency) is 
displaced. 

Squeezing the field state requires a nonlinear process, as does the nonlinear Kerr trans- 
formation of the field state. The squeezing transformation may be achieved via a x''^^' non- 
linearity and the latter by a x^'^^ nonlinearity. A nonlinearity is effected by passing atoms 
through the cavity one at a time: during the time of passage, the field states undergoes a 
nonlinear evolution. An effective nonlinearity is obtained by adiabatically eliminating the 
slowly varying atomic degrees of freedom. Th£_field in the cavity may-be squeezed by inject- 
ing two-level atoms into a micromaser cavity E3 or three-level atoms E3. By choosing atomic 
levels and motional parameters carefully, the squeezing (Bogoliubov) transformation can be 
approximated. The Kerr, or x^^\ nonlinearity is generally smaller, but it is possible to em- 
ploy a four-level atom, passing through the cavity, to obtain a large Kerr nonlinearity Ej. 
Thus, by directing atoms through the cavity, unitary x^^^ and x''^'' evolutions particular 
field states can be effected. The Kerr nonlinearity can also effect a cross-phase modula- 
tion to perform the mictpmaser equivalent of the optical cavity quantum electrodynamics 
conditional phase shift ta. 

For quantum computation, we must also realize a gate that performs a two-qudit inter- 
action. Consider two oscillators coupled by the four-wave mixing interaction Hamiltonian 
XN1N2 = X0iaia2^2- This Hamiltonian for an optical system describes a four-wa|VB mix- 
ing process in which x is proportional to the third-order nonlinear susceptibility Let 
oscillator 1 be in a state |si)i encoded in the number state basis, and let oscillator 2 be in 
a state |s2)2 encoded in the phase state basis. This interaction Hamiltonian generates the 
transformation 

e-iX^i7V.t|^^^^ |S2)2 = \xtSl + ,S2)2 . (4) 

Thus, with time t ~ X^^ ^ this Hamiltonian generates the SUM transformation. 

Quantum computation with multiple qudits could be performed by coupling several 
modes in a single cavity; each mode realizes a single qudit. Modes are coupled via a SUM 
interaction of the time described above. Note that the control qudit for the sum operation 
must be encoded in the number state basis, and the target qudit must be in the phase state 
basis 

Measurements in the number jSiate computational basis can be performed using a QND 
measurement of photon number EH. Atoms passing through the cavity have their momen- 
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turn coupled to the radiation field; the momentum distribution of outgoing atoms yields a 
measurement of photon number. 

In summary, wc have presented a new form of continuous variable computation in terms 
of number and phase operators, and describe a realization in terms of coupled modes of 
a microwave cavity using linear transformations, squeezing, and nonlinear Kerr media. 
This new approach has the advantage over position-eigenstate CV computation in that 
the computational basis states, for large but finite d, are well-defined and obtainable, and 
do not require "infinite-squeezing" of Gaussian wavepackets. 
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